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ABSTRACT

Real-time time-dependent density functional theory (RT-TDDFT) is an attractive tool to model quantum dynamics by real-time propagation
without the linear response approximation. Sharing the same technical framework of RT-TDDFT, imaginary-time time-dependent density
functional theory (it-TDDFT) is a recently developed robust-convergence ground state method. Presented here are high-precision all-electron
RT-TDDFT and it-TDDFT implementations within a numerical atom-centered orbital (NAO) basis function framework in the FHI-aims
code. We discuss the theoretical background and technical choices in our implementation. First, RT-TDDFT results are validated against
linear-response TDDFT results. SpeciÞcally, we analyze the NAO basis setsÕ convergence for ThielÕs test set of small molecules and conÞrm
the importance of the augmentation basis functions for adequate convergence. Adopting a velocity-gauge formalism, we next demonstrate
applications for systems with periodic boundary conditions. Taking advantage of the all-electron full-potential implementation, we present
applications for core level spectra. For it-TDDFT, we conÞrm that within the all-electron NAO formalism, it-TDDFT can successfully con-
verge systems that are difÞcult to converge in the standard self-consistent Þeld method. We Þnally benchmark our implementation for systems
up to ! 500 atoms. The implementation exhibits almost linear weak and strong scaling behavior.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/).https://doi.org/10.1063/5.0066753

I. INTRODUCTION

Many physical, chemical, and biological processes of interest
in modern science and technology ultimately originate from non-
equilibrium dynamics of electrons under external stimuli. Electron
dynamics are at the heart of phenomena including photo-excitation,
hot carrier relaxation, charge recombination, and electronic stop-
ping. Starting with the time-dependent HartreeÐFock method in
the late 1970s and early 1980s,1 various theoretical methodologies
including correlated wavefunction methods2 have been developed
for studying non-equilibrium response properties with the real-time
propagation approach.3 As a computationally simpler alternative to

wavefunction-based methods, the real-time propagation approach
to time-dependent density functional theory (TDDFT) has gained
great popularity in the last few decades. Since TDDFT can be rigor-
ously justiÞed due to the RungeÐGross theorem,4 it offers a pow-
erful extension to density functional theory (DFT) for studying
dynamical phenomena from Þrst principles.5Ð9 Through its formu-
lation for the linear response (LR) regime (i.e., LR-TDDFT)10Ð12

in the frequency domain, the TDDFT approach has become
extremely popular for studying optical excitation of molecules and
materials.13 At the same time, the real-time (RT) propagation
approach to TDDFT (i.e., RT-TDDFT)14 has become a computa-
tionally powerful simulation method for studying non-equilibrium
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dynamics of electrons, in general, not limited to the realm of lin-
ear response theory. Since some of the Þrst uses of the real-time
propagation approach in the 1990s by Yabana and Bertsch,14,15

RT-TDDFT has gained great popularity in various areas of chem-
istry and condensed-matter physics.16Ð22 RT-TDDFT can be used to
describe both linear and nonlinear responses of matter to pertur-
bations of various types and strengths. For large systems and cer-
tain regimes of electronic excitation, RT-TDDFT can be also more
computationally efÞcient than the commonly used linear response
TDDFT method even for calculating optical absorption spectra.23 In
recent years, there has been a surge in applications of RT-TDDFT
methodologies to a wide range of excited state phenomena, such as
electronic stopping,24Ð28 optical absorption,15,16,29Ð31 core electron
excitations,32Ð36 electronic circular dichroism spectra,37 exciton
dynamics in nanostructures,38,39 atom-cluster collisions,40,41 high
harmonic generation,42,43 laser-induced water splitting,44 and ion-
ization processes.45Ð47 The promulgation of RT-TDDFT as a means
for simulating dynamic phenomena of electrons has led to its
implementation in a variety of electronic structure codes, including
NWChem,16,48 SIESTA,49,50 CP2K,51,52 SALMON,53 Octopus,54Ð56

Q-Chem,57Ð59 GAUSSIAN,20,60 MOLGW,61,62 Qbox/Qb@ll,63Ð66

Exciting,67 and ELK.68 Numerical details of the implementation vary
widely among these codes, especially in the underlying set of basis
functions used. In the present work, we describe an implementa-
tion of RT-TDDFT using numeric atom-centered orbital (NAO)
basis functions in the electronic structure code FHI-aims,69 a frame-
work that (for ground-state DFT) combines high numerical preci-
sion70,71 with computational efÞciency and scalability to large sys-
tem sizes (e.g., Fig. 11 in Ref.72). Importantly, both non-periodic
and periodic boundary conditions are supported, i.e., both molecu-
lar and condensed-phase simulations can be efÞciently pursued. For
comparison with RT-TDDFT, FHI-aims already includes an imple-
mentation of LR-TDDFT, as well as of the BetheÐSalpeter equation
for neutral excitations of the electronic system, for non-periodic
systems.73

TDDFT is based on the one-to-one correspondence between
the time-dependent one-particle density and the time-dependent
external potential. This correspondence is formally established by
the RungeÐGross theorem4 and (for v-representability of the time-
dependent density) van LeeuwenÕs theorem,74 which extends the
HohenbergÐKohn theorem75 to the time-dependent case. There
are several notable assumptions in the proof, such as a Taylor-
expandable potential. Accordingly, testing and extending the valid-
ity of these assumptions is an important area of ongoing research.
We refer to the textbook by Ullrich for excellent discussion of these
aspects of TDDFT as a formal theory.6 The present work focuses on
the practical side of the numerical implementation and application
of established approximations to the theoretical method for investi-
gating physical properties. While many time-independent problems
in electronic structure theory can be cast as some form of an eigen-
value problem, RT-TDDFT amounts to solving a set of coupled non-
linear partial differential equations. At the heart of RT-TDDFT, the
time-dependent KohnÐSham (TD-KS) equation reads

i
!
! t

! KS
n ( r, t) = öHKS[ " ( t) , t] ! KS

n ( r, t) (1)

(employing atomic units). Here,! KS
n ( r, t) denote the single-particle

KS wave functions, which are time-propagated with the KS

Hamiltonian öHKS[ " ( t) , t] , which is time-dependent via the electron
density but also possibly via a time-dependent external potential. It is
given as

öHKS[ " ( t) , t] = öTel + öVext( t) + öVH[ " ( t)] + öVXC[ " ( t)] , (2)

whereöTel is the electronic kinetic operator,öVH[ " ( t)] is the Hartree
potential, andöVXC[ " ( t)] is the exchangeÐcorrelation (XC) poten-
tial, which in the most general case incorporates a history depen-
dence on all former timesÑhowever, as usually done, we ignore the
history dependence (called the adiabatic approximation). Using the
dipole (or long-wavelength) approximation for the electromagnetic
Þeld,76 i.e., neglecting any spatial dependence, making it a function
possibly only depending on time, the external potential operator is
given in the velocity gauge as

öVext( t) = ! iA( t) " # + A( t) 2 (3)

or in the length gauge as

öVext( t) = ör "E( t) , (4)

connected to each other by a gauge transformation.76 Here,A( t)
is the vector potential andE( t) = ! ! tA( t) is the electric Þeld. In
principle, the most general form for a KohnÐSham system being
subject to a time-dependent electromagnetic Þeld is given by the
GhoshÐDhara theorem,77 leading to time-dependent current DFT
(TDCDFT).5 We do not consider the dependence on the current
here, as is usually done. It can be seen that an explicit time-
dependence is imposed by the external potential and an implicit
time-dependence by the functional dependence of the Hartree and
XC potentials on the time-dependent electron density.

The TD-KS equation [Eq.(1)] shares its formal structure
with the time-dependent Schršdinger equation. Simply put, a
RT-TDDFT simulation amounts to, for a given initial state! KS

n
( r, t = 0) , n = 1,. . . ,Nelec, numerically integrating the TD-KS wave
functions in time according to the TD-KS equation [Eq.(1)]. How-
ever, additional numerical complexity arises because the electron
density (and usually also the approximated exchangeÐcorrelation
potential) depends on the time-dependent KS wave functions them-
selves as

" ( r, t) =
Nocc

!
n=1

!! KS
n ( r, t) !

2
. (5)

The dependence of the Hartree (electrostatic)öVH[ " ( t)] and XC
potential öVXC[ " ( t)] terms on the electron density (thus on the
TD-KS wave functions) makes the coupled differential equations in
Eq.(1) non-linear.

Noting the differential equation form of Eq.(1), it was sug-
gested to employ the same form, but using imaginary time! i#, also
as a convenient means to achieve the self-consistent Þeld solution
for the ground-state DFT via a small modiÞcation.78Ð81 Imaginary-
time time-dependent density functional theory (it-TDDFT) thus
amounts to substituting the timet by ! i#, leading to the imaginary-
time time-dependent KohnÐSham (iTD-KS) equation,

!
! #

! KS
n ( r,#) = ! öHKS[ " (#)] ! KS

n ( r,#) . (6)

it-TDDFT constitutes a mathematically well-deÞned optimization
pathway for obtaining the ground state. Equation(6) offers the
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ability to converge KS systems where conventional iterative self-
consistent Þeld (SCF) approaches may fail, as demonstrated in
several past it-TDDFT implementations.81Ð83

Although both RT-TDDFT and it-TDDFT are well-deÞned
problems mathematically, numerical integration of coupled non-
linear differential equations requires attention to detail; the question
of which numerical method is most appropriate depends on the
particular implementation. As mentioned above, we here provide
these details for the NAO-based framework employed in the FHI-
aims code.69 Importantly, FHI-aims treats core and valence electrons
on equal footing within the full potentials of the electrons and of
the nuclei. In this sense, our RT-TDDFT/it-TDDFT implementa-
tion has the potential to treat both molecular and condensed-phase
physics and can simulate both valence and core level physics. The
use of an all-electron NAO basis set offers the potential of efÞcient
RT-TDDFT simulations in a very general treatment.

This paper is structured as follows: we Þrst present imple-
mentation details of RT-TDDFT/it-TDDFT in FHI-aims. We then
compare the RT-TDDFT implementation to the linear-response the-
ory formulation of TDDFT (LR-TDDFT) for a molecular bench-
mark set. Subsequently, several applications of RT-TDDFT are pre-
sented for molecular and condensed-matter systems and valence and
core level excitations. The it-TDDFT is then shown to work among
systems of different boundary conditions as well. We additionally
provide a short overview of the numerical scaling.

II. IMPLEMENTATION

The FHI-aims code69 is based on numerical atom-centered
basis functions (NAOs) in an all-electron description. The single-
particle KS orbitals are expressed as a linear combination of non-
orthogonal numerical atom-centered basis functions$i " R, each
associated with a corresponding atomI,

! KS
n ( r, t) =

Nbasis

!
i=1

cin( t)$i" r ! RI( i) #. (7)

For simplicity, Eq.(7) employs the formulation appropriate for non-
periodic systems;Nbasis denotes the overall number of real-space
basis functions used. The expansion coefÞcientscin( t) " C here con-
tain the time-dependence of the electronic system and are from now
on expressed as a matrixC " CNbasis! Nocc, indicating that only theNocc

initially occupied orbitals are evolved in time. The time-dependent
KohnÐSham matrix equation

d
dt

C( t) = ! iS" 1H( t)C( t) (8)

with the overlap matrix Sij = $$i%$j&and the Hamiltonian matrix

Hij = $$i%öHKS%$j& is then solved to describe electron dynamics.
We will use the notationH( t) # H[ " ( t) , t] for the implicit
time-dependence via the electron density and the explicit time-
dependence via the electric Þeld if not stated otherwise. The efÞ-
cient and accurate solution of this equation is the key functionality
in every RT-TDDFT code. We employ the existing, highly opti-
mized real-space integration framework in FHI-aims to compute the
density, Hamiltonian matrix, and overlap matrix, with several

modiÞcations to serve our purpose. The details of this numer-
ical integration approach, as well as of the necessary modiÞca-
tions for periodic boundary conditions, are summarized in depth in
Refs.84Ð86.

We included support for local-density approximation (LDA),
generalized gradient approximation (GGA), and hybrid functionals
(the latter currently only for Þnite systems). For hybrid functionals,
the computation of the exchange matrix (which is naturally complex
in the time-dependent case16) uses the existing efÞcient resolution-
of-identity methodology.87

In terms of the computational resources required, it should
also be noted that real-space operations (density update, integra-
tion of the Hamiltonian matrix, etc.) still dominate the overall
computational cost for typical everyday tasks, i.e., semilocal DFT
involving several tens or perhaps somewhat above a hundred atoms.
For small systems (several tens of atoms), the real-space opera-
tions can be several orders of magnitude more costly in compari-
son to matrix-related operations like diagonalization. The matrix-
related operations will nevertheless become comparatively costly
for very large systems composed of hundreds of atoms and basis
functions.

From the various approaches to solve the time-dependent
KS equation,88Ð90 we only describe here the exponential inte-
gration schemes (ÒpropagatorsÓ), as such propagatorsÑin our
experienceÑoffer the best trade-off between computational cost and
accuracy. The theoretical basis for these schemes is provided by the
Magnus expansion,91Ð93 allowing to systematically deÞne propaga-
tors that solve Eq.(8) up to desired order in! t (the time step) by
matrix exponentials, i.e.,

C( t + ! t) = exp( ! M( t)) C( t) (9)

= U( t + ! t, t)C( t) , (10)

where! M( t) contains an inÞnite series of commutators ofH( t) ,
integrated over differentti " [ t, t + ! t] . U( t + ! t, t) stands gen-
erally for a representation of a numerical propagator here. Any
actual Magnus propagator is based on a truncated commutator
series in combination with quadrature for the nested integrals
overH( t) .

The most well-known propagator of this class is the
Exponential-Midpoint (EM) scheme, essentially obtained by trun-
cating the Magnus series after the Þrst term and approximating the
integral by the midpoint rule. The propagation equation in the EM
approach is given as

C( t + ! t) = exp' ! i! tS" 1H' t +
! t
2

(( C( t) . (11)

The EM propagator belongs to the class of implicit schemes and
is solved here by a modiÞed predictor-corrector method similar to
existing approaches.58,89 We Þrst construct the Hamiltonian matrix
at t + ! t)2 via Lagrange polynomial extrapolation of the converged
Hamiltonian matrices of some previous time steps. Then, the cur-
rent eigenvectors are propagated tot + ! t, i.e., a full step, based on
the extrapolated predictor propagator. After this, we obtain the cor-
rector Hamiltonian matrix, also att + ! t)2, but now by linear inter-
polation from the initial and predictor Hamiltonian. This procedure

J. Chem. Phys.155, 154801 (2021); doi: 10.1063/5.0066753 155, 154801-3

© Author(s) 2021

https://scitation.org/journal/jcp


The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

can be repeated until convergence, but we usually only perform one
corrector step,

1. Predictor :

Hp( t + ! t)2) =
N

!
l=0

H( t ! l! t)Pl( t + ! t)2) ,

Cp = Up
EM( t + ! t, t)C( t) .

2. Update :

" p = " (Cp) ,

Hc
1! 2 = H[ " ( t) , t] +

1
2

"H[ " p, t + ! t] ! H[ " ( t) , t]#.

3. Corrector :

C( t + ! t) = Uc
EM( t + ! t, t)C( t) .

This approach has been used throughout the following examples.
For completeness, we note that we also implemented several struc-
turally different integration schemes in the FHI-aims code.

In our implementation, the matrix exponential can be com-
puted via diagonalization,94 deÞned as

exp(M) = VM diag*e%1, . . . ,e%n+V" 1
M , (12)

whereVM and%i are the eigenvectors and eigenvalues of the matrix
M " Cn! n, respectively. The advantage of this approach is that the
highly optimized eigensolver functionality already built into the
code [ELPA (Eigenvalue Solvers for Petaßop Applications) eigen-
solver95 and ELSI (Electronic Structure Infrastructure) interface96,97]
can be used. We also implemented other methods to compute the
exponential: simple Taylor expansion or the so-called Òscaling and
squaringÓ approach based on the PadŽ approximation.98 The direct
eigensolver usually offers the best combination of efÞciency and
accuracy.

To adapt the time propagation framework for it-TDDFT, we
take the EM propagator as an example. We Þrst need to change
the time propagation to imaginary time propagation as we adapt
Eqs.(11)Ð(13),

C(#+ ! #) = exp' ! ! #S" 1H' #+
! #
2

(( C(#) . (13)

With this modiÞcation, the propagator loses its unitary property.
Thus, we need to orthonormalize the eigenvectors after each update.
The adapted predictor and corrector steps for the it-TDDFT read as
follows:

1. Predictor :

Hp(#+ ! #)2) =
N

!
l=0

H(#! l! #)Pl(#+ ! #)2) ,

Cp = Up
EM(#+ ! #,#)C(#) ,

orthonormalizeCp.

2. Update :

" p = " (Cp) ,

Hc
1! 2 = H[ " (#)] +

1
2

"H[ " p] ! H[ " (#)] #.

3. Corrector :

C(#+ ! #) = Uc
EM(#+ ! #,#)C(#) ,

orthonormalizeC(#+ ! #) .

This predictor and corrector scheme for it-TDDFT is general and
can thus be easily adapted to other propagators as well.

In all benchmarks and examples provided in this paper, the
nuclei remain clamped, i.e., we focus on assessing electron dynamics
only. However, the overall RT-TDDFT implementation described
here also supports Ehrenfest dynamics for both non-periodic and
periodic systems, a topic that will be covered elsewhere.

III. COMPARISON TO LR-TDDFT FOR MOLECULAR
ABSORPTION SPECTRA

A. Motivation and background

While the linear-response theory formulation of TDDFT
(LR-TDDFT) is widely used to calculate optical absorption spectra,
RT-TDDFT, when restricted to small electric Þelds, is a formally
equivalent alternative to obtain the same information. Here, we
brießy discuss the pros and cons from a computational perspec-
tive. While LR-TDDFT is computationally much cheaper than RT-
TDDFT for small systems, there exists a limit for which RT-TDDFT
becomes more efÞcient, as LR-TDDFT (without restrictions to the
occupied and unoccupied orbital spaces considered) formally scales
as ! (N6

at) , with Nat being the number of atoms in the system.
In addition, the number of excitations included in a LR-TDDFT
simulation becomes prohibitive99 at some point, typically around
(103Ð104) .23 In contrast, RT-TDDFT simulations yield the whole
excitation spectrum when a broadband excitation, i.e., a delta-pulse,
is used to excite the system. Another advantage of RT-TDDFT is
that in contrast to LR-TDDFT, no exchangeÐcorrelation kernel (the
second variational derivate of the XC functional with respect to the
charge density) is requiredÑa quantity that needs to be computed
additionally and that may introduce numerical problems. Similar
conclusions can be drawn from recent studies comparing LR- and
RT-TDDFT approaches in the linear-response regime.16,23,100

Despite their formal equivalence, the technical differences
between the LR- and RT-TDDFT approaches deserve further study,
especially the appropriate choice of basis sets used to represent
KohnÐSham wave functions and the exchangeÐcorrelation func-
tional (and the exchangeÐcorrelation kernel in LR-TDDFT). In addi-
tion, the techniques used to extract and compare the same infor-
mation (i.e., oscillator strengths and excitation energies) from both
approaches need to be discussed.101,102

To assess these points and also to validate our implementation
for this regime, we chose to perform benchmark calculations for a
popular electronic excitationsab initio simulation test set, known as
ThielÕs set by Schreiberet al.,103 consisting of 28 small to medium-
sized organic molecules, built from the chemical elements H, C, N,
and O.

We emphasize that we do not attempt to evaluate the accu-
racy of our method with regard to excitation energies, whose
Òbest estimatesÓ were deÞned by Schreiberet al. but rather take
a route similar to Liuet al.73 where the numerical precision of
both aG0W0-based BetheÐSalpeter equation (BSE@G0W0) and LR-
TDDFT implementation in the FHI-aims code was analyzed. This
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approach offers a direct comparison between different levels of the-
ory within a single consistent numerical framework, especially with
respect to basis set convergence. An important result of the study by
Liu et al.was that combining standard NAO basis sets73 with addi-
tional, Gaussian-type augmentation basis functions as pioneered by
Kendallet al.104 provides a signiÞcant accuracy increase at reason-
able cost when performing absorption spectrum calculations with
LR-TDDFT and BSE approaches using NAO basis sets. Since these
small-to-medium-sized calculations impose a much higher compu-
tational demand when done via RT-TDDFT as compared to LR-
TDDFT, we chose to perform calculations only for two basis sets,
called ÒtightÓ and Òtight+ aug2Ó inTable IÑwhich are proba-
bly of most practical relevance. SpeciÞcally, these basis sets com-
bine the so-called Òtier2Ó NAO basis sets69 with ÒtightÓ numeri-
cal settings for integration grids, basis function cutoff radii, and
Hartree potential expansion order in FHI-aims. In the case of Òtight
+ aug2,Ó called Òtier2+ aug2Ó in Ref.73, s and p Dunning-type

TABLE I.SpeciÞcations for the Òlight,Ó Òtight,Ó and Òtight+ aug2Ó basis sets used in
our calculations. The ÒminimalÓ basis of occupied spherical free-atom radial functions
is always included. All other basis functions are of hydrogenic type if not speciÞed
otherwise. Radial and angular quantum numbers indicate the shape, and the effec-
tive charge in the deÞning Coulomb potential is given in parentheses (see Ref.69
for details). Gaussian functions are deÞned by gaussLN, where L speciÞes angular
momentum and N speciÞes the number of primitive Gaussians. The exponent (in
a" 2

0 ) is given in the following parentheses, following Refs.73and104. For a given
chemical element, each larger basis set includes all basis functions from the smaller
basis sets shown.

Basis functions

Basis set Hydrogen Carbon

ÒLightÓ

Minimal Minimal
2s (2.10) 2p (1.70)
2p (3.50) 3d (6.00)

2s (4.90)

ÒTightÓ

1s (0.85) 4f (9.80)
2p (3.70) 3p (5.20)
2s (1.20) 3s (4.30)
3d (7.00) 5g (14.40)

3d (6.20)

ÒTight+ aug2Ó
gauss01 (0.0207) gauss01 (0.0394)
gauss11 (0.0744) gauss11 (0.0272)

Nitrogen Oxygen

ÒLightÓ

Minimal Minimal
2p (1.80) 2p (1.80)
3d (6.80) 3d (7.60)
3s (5.80) 3s (6.40)

ÒTightÓ

4f (10.80) 4f (11.60)
3p (5.80) 3p (6.20)
1s (0.80) 3d (5.60)

5g (16.00) 5g (17.60)
3d (4.90) 1s (0.75)

ÒTight+ aug2Ó
gauss01 (0.0518) gauss01 (0.0655)
gauss11 (0.0369) gauss11 (0.0446)

augmentation functions104 are additionally included. We extracted
singlet and triplet excitation energies, the latter based on an
approach where the spin symmetry is broken by applying a spin-
dependent external Þeld, as described in Ref.105.

B. Simulation setup and analysis

Absorption spectra can be calculated by RT-TDDFT via three
individual calculations (actually, also in a single simulation if sym-
metry allows excitation of all modes), each with the application of
a weak delta-kick external ÞeldE( t) ! E0&( t ! t0) along one of the
Cartesian axes. In practice, we use a Gaussian pulse shape for the
electric Þeld, i.e.,

E( t) = E0 exp" ! ( t ! tc)
2)2t2

w#ek, (14)

where the pulse center is given bytc, the pulse width is given by
tw and the orientation is given by one of the Cartesian unit vec-
tors ek,k = x,y,z. This choice is similar to the study by Lopata and
Govind.16 The perturbation by the pulse will produce excitations
over the whole energy range of interest, provided a reasonably small
temporal width is used.

The Fourier transform of the response of the electronic dipole
moment �( t) can then be used to calculate the polarization ten-
sor ' ( ( ) , which, in turn, is then used to calculate the absorption
strength functionS( ( ) ,

' ij ( ( ) =
" [ ) i ]( ( )
" [Ej]( ( )

, (15)

S( ( ) =
2(
3*

Im{ Tr[ ' ( ( )]} , (16)

where " denotes the Fourier transform. More insight into this
relationship can be gained by writing the above expression for
the absorption strength functionÑor dipole strength function
(DSF)Ñas

S( ( ) =
2(
3

#

!
n=1

3

!
k=1

%$" 0%örk%" n&%2 &( ( ! ( n) (17)

=
#

!
n=1

fn
(
( n

&( ( ! ( n) , (18)

where the transition dipole moment�n0 = $" 0%ör%" n&between the
ground state%" 0&and an excited state%" n&, the excited state fre-
quency( n, and the oscillator strengthf n, describing the transition
probability for a speciÞc excitationn, are connected to each other.106

The f-sum rule49 relates the number of the electrons that are involved
in the absorption process to the DSF via

Nabs
e = "

#

0
d( S( ( ) =

#

!
n=1

fn, (19)

which can be used to verify consistency.Figure 1shows an exam-
ple of the dynamics induced by the delta-kick pulse for the ethene
molecule. In this Þgure, one can observe the total energy gain fol-
lowing the application of the pulse, describing the optical excitation.

The Fourier-transformed time series results in a DSF with a
somewhat coarse resolution of the frequency axis, determined by the
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FIG. 1.Time series results for the application of a delta pulse electric Þeld along
the z-axis on the ethene molecule. Electric Þeld amplitude (top row), electronic
dipole response (mid row), and total electronic energy (bottom row).

overall simulation timeT. To enhance the accuracy of our results,
especially given that we used an economic choice ofT = 60 fs, we
employed some recently described techniques and applied them in
combination. Schelter and KŸmmel101 developed a post-processing
technique that speciÞcally improves results for RT-TDDFT absorp-
tion spectra in the linear response regime and gives direct access to
oscillator strengths, too. In this technique, an analytical expression
with a user-speciÞed number of poles,

S( ( ) =
Nx

!
n=1

fn
(
( n

sin(( ( ! ( n)T)
* ( ( ! ( n)

, (20)

is used for the absorption strength function in Eq.(17). Here,T is
the total simulation time andNx is the number of excitations in the
given interval.

The excitation energies{ ( n} selected for analysis are reÞned by
a least-squares Þt that simultaneously yields the oscillator strengths
{ fn} . The resolution of the( -axis and, thus, the accuracy of the Þt
can be increased by adding zeros to the dipole time series (zero-
padding) before performing the discrete Fourier transforms in order
to obtain the DSF. Schelteret al.further discussed another accuracy-
increasing approach by Bruneret al.102Ñbased on a PadŽ approxi-
mant for the electronic dipoleÕs Fourier transform, allowing to arbi-
trarily set the resolution for the Fourier transform of the absorption
strength function. While Schelteret al.found their method prefer-
able, they suggested that more data could be extracted by combining
both methods. The key idea is to Þrst use the PadŽ approximant to
simulate highly resolved, very sharp spectra to visually locate peak
positions, which are then passed to SchelterÕs Þtting method for
reÞnement. In the PadŽ approach, the Fourier transform of the signal
is represented as a ratio of power series whose coefÞcients are Þtted
to the data; as these are not depending on the frequency, the spec-
trum can be calculated for arbitrary frequencies, i.e., it is interpolated

in frequency spaceÑthis corresponds to an extrapolation of the sig-
nal in time. We refer the interested reader to Ref.102for details of
the PadŽ method.

We decided to implement and compare both approaches
because it became quite clear that they complement each other: the
Þtting method often fails in practice for close lying and/or very weak
excitations and is increasingly difÞcult for spectra with dense excita-
tions; the PadŽ method can help one to detect also weak and close
lying excitations but may introduce artifacts for very short simu-
lation times, as discussed in Ref.102. SeeFig. 2 for a depiction
of the methods. It should be noted that the approach by Bruner
et al. is further based on applying the PadŽ method to speciÞc
occupiedÐunoccupied transition dipole moments in order to accel-
erate spectra convergence by utilizing the sparse spectral density of
those individual contributions to the total spectrum.

We here only veriÞed this technique but did not apply it to all
calculations since the effort required for this analysis is signiÞcant.
Nevertheless, this approach should be very practical when evaluating
ÒdifÞcultÓ spectra.

We used custom python scripts to perform post-processing,
making use of the Numpy107 and SciPy108 libraries for numer-
ical treatment, especially fast Fourier transform (FFT) (scipy.fft)
and non-linear least-squares Þtting for the DSF Þt (curve_Þt from
scipy.optimize).

When performing absorption spectrum calculations in the lin-
ear response regime as described above, one can only obtain singlet
excitations as the' und + electron densities follow equal dynamics.
Isborn and Li105showed that triplet excitations can be obtained from
RT-TDDFT simulations by breaking the spin symmetry via a spin-
dependent external Þeld that only acts on, e.g., the' spin component
in the time propagation,E, ( t) # E( t)&', , making the corresponding
time-evolution operator spin-dependent,

! KS
n, ( t) = öU, ( t, t0) ! KS

n, ( t0) . (21)

FIG. 2.Illustration of the Þtting procedure for s-tetrazine. The upper panel shows
the PadŽ-DSF used to identify initial Þtting parameters. The lower panel shows the
zero-padded fast Fourier transform (FFT)-DSF in combination with the Þt function,
which was initialized with the former parameters. The peak locations of the Þt are
included in both plots as vertical pink lines.
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Both channels are coupled via the density functional approach to the
Hamiltonian, i.e., the Hartree and XC contributions,

öHKS[ " ( t) , t] ! " ( t) = " ' ( t) + " +( t) . (22)

Singlet and triplet contributions are now mixed in the superpo-
sition state. While the total time-dependent dipole moment�( t)
= �' ( t) + �+( t) only shows singlet excitations, triplet peaks are vis-
ible in the spectrum of individual dipole responses, and for this
reason, we extracted these transitions from the�' dynamics.

Simulations were carried out for the two basis sets denoted
as ÒtightÓ and Òtight+ aug2Ó inTable I. We performed geome-
try relaxations of all molecules and for the two basis sets using
the PerdewÐBurkeÐErnzerhof (PBE) exchangeÐcorrelation func-
tional.109 These geometries were then used for any further TDDFT
calculations.

Linear-response TDDFT calculations were started from
PBE self-consistent Þeld solutions and carried out using
the PerdewÐWang local-density approximation (PW-LDA)110

exchangeÐcorrelation kernel as provided by the LibXC library.111

Analogous to Ref.73, we use the notation ÒLR-TDDFT-LDA@PBEÓ
for this approach.

All RT-TDDFT simulations were carried out for a simulation
time of 2500 atomic units (a.u.)= 60.48 fs, applying a delta-kick with
a full width at half-maximum (FWHM) of 2.8 a.u.= 0.07 fs after
10 a.u.= 0.24 fs and using the EM propagator with a time step of
0.4 a.u.= 0.0096 fs. The chosen FHWM excites modes until well
above 50 eV, and we veriÞed the approach by using a weak instant
&-like excitation only applied at the Þrst time step, which yielded the
same spectra in this region relevant for our study. The numerical
stability was judged by conservation of energy, where we set a maxi-
mum of%! E%= 0.001 eV. The Þeld amplitude was set toE0 = 0.01 a.u.
= 5.1$ 109 V/m.

C. Basis set dependence

We start the validation of the results by inspecting the sensitiv-
ity of the lowest-lying singlet and triplet excitation to the basis set
size.Figure 3shows the singlet values for! E1 = E1( tight) ! E1(tight
+ aug2) both for RT- and LR-TDDFT. As noted in Refs.73, the
results obtained with the Òtight+ aug2Ó basis set are generally
well converged when compared with much larger benchmark sets.
One can directly observe that both the RT and LR method dis-
play the same sensitivity of the molecules to the choice of basis set.
The average basis-set induced energy difference for all molecules,
! E1,RT! ! E1,LR, is around! 0.001 eV, with minimum and maximum
deviations of! 0.022 and 0.016 eV, respectively. The overall char-
acteristic shows signiÞcant differences, and we group the results as
follows: small changes below 0.02 eV are observed for ten molecules,
intermediate-level changes between 0.02 and 0.15 eV are seen in
eight molecules, and high changes above 0.15 eV are visible in ten
molecules with a maximum of around 0.6 eV for pyrrole. We sus-
pect that molecules with their lowest excitation coming already close
to ionization are most prone to basis-set errors. This is in line with
previous studies73,104 that identiÞed the importance of augmenta-
tion basis functions to correctly describe electron afÞnities, i.e., to
converge the lowest unoccupied molecular orbital (LUMO) level. To
visualize possible correlations, we also included the LUMO energies
(formally equivalent to negative electron afÞnities) for all molecules
in Fig. 3on a separate scale; these values were obtained from our
PBE calculations with the Òtight+ aug2Ó basis set and should not be
taken as accurate representations of electron afÞnities. The visible
correlation between the basis-set sensitivity of the excitations and
of the LUMO levels conÞrms the hypothesis that excited-state wave
functions close to the ionization threshold, reaching out far into the
vacuum, are the common cause for the requirement of the Òtight
+ aug2Ó basis set to converge both the excitation energies and the
electron afÞnities. We can conclude at this point that both the RT

FIG. 3.Basis set sensitivity of lowestsingletexcitation peak between the ÒtightÓ and Òtight+ aug2Ó basis set for RT-TDDFT (red) and LR-TDDFT (blue). The gray line and
y-scale show the LUMO energy from the corresponding SCF calculations (PBE, Òtight+ aug2Ó basis set).
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FIG. 4.Basis set sensitivity of lowesttripletexcitation peak between the ÒtightÓ and Òtight+ aug2Ó basis set for RT-TDDFT (red) and LR-TDDFT (blue).

and LR methods show similar convergence properties with respect
to basis set change from the ÒtightÓ to the Òtight+ aug2Ó set.

We present analogous data for triplet excitations inFig. 4. It
is found that the energy range is approximately halved compared
to the singlet case; thus, the basis effect is smaller. We note that
this observation only holds for the lowest triplet excitation, while
higher-lying triplets, as can be seen inFig. 5showing the (unreÞned)
DSF spectra for ethene, are more strongly affected by the basis set.
Some comparably larger differences between LR- and RT-TDDFT
are found for formamide (0.03 eV) and acetamide (0.07 eV). In all
these cases, the basis set sensitivity is slightly higher for LR-TDDFT
compared to RT-TDDFT. The differences for the other 22 molecules

FIG. 5.Ethene triplet DSF spectra for the ÒtightÓ (red line) and Òtight+ aug2Ó (blue
dashed line) basis sets.

are lower than 0.03 eV, and the average sensitivity of the LR-TDDFT
peaks is only 0.004 eV larger than in RT-TDDFT. In summary, both
methods show excellent agreement in both the lowest-lying singlet
and triplet excitations. Again, we emphasize that the Òtight+ aug2Ó
set was shown to correspond to good overall basis set convergence,
compared to much larger benchmark basis sets, in Ref.73.

D. Comparison between RT- and LR-TDDFT
excitations

Next, we show that the RT-TDDFT approach, in conjunction
with the methods to extract peak positions and oscillator strengths
described before, is capable of reproducing a whole range of excita-
tions of a molecule from a single run. For this purpose, we selected
the Þrst 8Ð18 lowest-energy clearly identiÞable excitations from the
DSF spectra, each veriÞed by both the Þtting and PadŽ approx-
imant techniques, if possible. The differences between both eval-
uation methods are generally in the meV range, and we do not
provide a direct comparison. Nevertheless, we note again that com-
bining both methods can be very helpful when dealing with dense
and/or weak excitations in the spectra. For very close-lying excita-
tions, assessment of transition dipole moments (e.g., via the method
in Ref.102) could further help identify excitations that correspond
to one another in LR-TDDFT spectra.

Where peaks could be clearly resolved, we computed the oscil-
lator strengths via the Þtting technique. The differences between
LR- and RT-TDDFT are found to be small on average (2.2% for
the ÒtightÓ set and 9.15% for the Òtight+ aug2Ó set), but caution
is warranted when excitations are nearly degenerate, e.g., occurring
in benzene, as these can hardly be resolved via RT-TDDFT. Addi-
tionally, the Þtting uncertainty is larger for smaller peaks, as can
be seen inFig. 6, where the relative differences between RT- and
LR-TDDFT oscillator strengths (OS) are shown in dependence of
absolute oscillator strengths. While most recorded excitations have
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FIG. 6.Signed ratio of oscillator strengths (OS) between RT- and LR-TDDFT,
deÞned asROS = ( fn( RT)! fn( LR) ! 1) "100%in dependence of the absolute
oscillator strength. Respective averages indicated by dashed lines. Only ratios for
OS greater than 0.01 are shown.

low OS, i.e., between 0.005 and 0.2, the relative deviations are large
in this range, whereas RT-TDDFT faithfully reproduces the oscil-
lator strengths computed via LR-TDDFT for strong peaks in the
DSF spectra. For smaller values, RT-TDDFT OS are on average
higher than LR-TDDFT OS and more so for the Òtight+ aug2Ó
basis set.

Next, we turn to the energies of the singlet and triplet
excitations obtained from both methods.Figure 7 shows the

distribution of the deviations for singlet values{ Ei(RT) ! Ei(LR)}
of each molecule, i.e., the sets of energy differences between corre-
sponding excitations, obtained via RT- and LR-TDDFT. As noted
before, 8Ð18 excitations per molecule were considered for the eval-
uation. In the statistical analysis, the red bars indicate the mean
value and the box-plot captures the range of the observed values
(see Þgure caption for details). While for the total average over all
molecules and excitations, RT-TDDFT peaks are smaller only about
0.007 eV than LR-TDDFT peaks (for both basis sets), a few larger
individual differences are visible in the plot. Only ethene, butadi-
ene, pyridine, pyrazine, s-tetrazine, and formaldehyde exhibit devi-
ations above 0.05 eV. For the ÒtightÓ basis set, one transition in
formaldehyde shows up as a noticeable outlier at! 0.08 eV. When
comparing results for both basis sets, we note that the overall devia-
tions are comparable in size. Assessing the deviations for individual
molecules, we observe that both the average deviations as well as
their spread among the different electronic transitions appear cor-
related in the ÒtightÓ and Òtight+ augÓ basis sets. This points to
methodological differences unrelated to the basis set as the likely
cause of the deviations.

The analogous evaluation for triplet excitations can be found
in Fig. 8. The overall deviations are approximately three times
larger compared to the singlet case. Averaged over all molecules, the
RT-TDDFT results are 0.022 eV (0.020 eV) higher for the ÒtightÓ
(Òtight+ aug2Ó) basis set. The energy range of the differences in
the ÒtightÓ basis set is noticeably larger compared to the singlet
case, 15 of 28 molecules exhibit differences larger than 0.05 eV. The
largest average differences are seen for ethene and formaldehyde,
both around 0.8 eV with individual differences up to 0.17 eV. These
molecules show smaller deviations with the Òtight+ aug2Ó basis set,
hinting toward a basis set effect. Overall, the characteristic is very
similar, although larger than for the singlet excitations, for both basis
sets, again indicating a methodological cause.

FIG. 7.Singlet excitation energy differences between RT-TDDFT and LR-TDDFT, i.e., forEmol
i (RT) ! Emol

i ( LR) , for both basis sets. Data distribution for several
corresponding peak locations. The blue boxes contain 50%of the values, red dashes are the averages, and whiskers denote min/max values.
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FIG. 8.Triplet excitation energy differences between RT-TDDFT and LR-TDDFT, i.e., forEmol
i ( RT) ! Emol

i ( LR) , for both basis sets. Data distribution for several
corresponding peak locations. The blue boxes contain 50%of the values, red dashes are the averages, and whiskers denote min/max values.

IV. PERIODIC SYSTEMS WITH THE VELOCITY-GAUGE
FORMALISM

A. Velocity-gauge formalism for the electromagnetic
Þeld

For the simulation of extended systems under an applied elec-
tric Þeld, we cannot use the length gauge implementation of the
electric Þeld straightforwardly, as the position operator is ill-deÞned
under periodic boundary conditions.112 However, one can circum-
vent this problem by working in the velocity gauge, i.e., by exploiting
the gauge freedom of the classical electromagnetic Þeld. Note that
approximating the electronÐion interaction by non-local pseudopo-
tentials in the Hamiltonian, as often implemented in DFT codes for
periodic systems, requires additional coding efforts to retain gauge
invariance.34,113 In contrast, in FHI-aims, which is a full-potential
all-electron code, the transformation between the vector potential
and the scalar potential is straightforward. The electronic current
densityj( r, t) can be obtained from

j( r, t) =
1
2

!
n

fn" ! $
n ( r, t)( ! i# + A( t)) ! n( r, t) + c.c.#. (23)

Integrating j( r, t) in the simulation cell yields the macroscopic
currentJ( t) ,

J( t) = !
1
V " d3r j ( r, t) , (24)

whereV is the simulation cell volume.
Then, the frequency-dependent conductivity is deÞned in the

usual way as the ratio of the currentÕs Fourier transform to that of
the applied electric Þeld,

, ij ( ( ) =
" [Ji ]( ( )
" [Ej]( ( )

. (25)

The dielectric function is then obtained via

-( ( ) = 1+ i
4*
3(

Tr[ , ( ( )] . (26)

B. Computational details

To validate the implementation of the velocity-gauge formal-
ism, we choose the standard model of bulk silicon. We used the
two-atom unit cell of bulk crystalline silicon with a lattice parameter
of a = 5.402 •. The ÒtightÓ basis set was employed to expand
the electronic wave functions. In the case of a periodic system,
the signiÞcance of diffuse augmentation functions is much dimin-
ished since there are no basis function tails that extend into a
vacuum; we therefore do not need to consider augmentation func-
tions here. The external potential was switched on at timet = 0
with a strength of 0.001 a.u.= 5.1$ 108 V/m. The strength falls
within the linear response regime. Such step function-like external
potential will excite all the modes in the system. For the time prop-
agation, we choose the exponential midpoint integrator with a time
step of 0.1 a.u.= 0.0024 fs. In total, we propagated the system for
3000 a.u.= 72.6 fs. The electronic current density was saved during
the simulation, and the dielectric function was obtained via the pro-
cedure described in Sec.IV A. The imaginary part of the frequency-
dependent dielectric function corresponds to the optical absorption
spectrum in a condensed-matter system.114

We also observed an artiÞcial peak feature around 0 eV as has
been discussed in the literature, which is believed to be a conse-
quence of the velocity-gauge.49,67,115Ð117 In order to remove this arti-
fact from the simulations, the data analysis was done in the following
way: Þrst we performed RT-TDDFT simulations with a step function
like ÒkickÓ in the external vector potential as shown inFig. 9(top
left), and the resulting current is shown inFig. 9(middle left). Then,
Fourier transform of the current according to Eqs.(25) and (26)
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FIG. 9.The computational approach to remove the ÒfakeÓ peak around 0 eV. Top
left: the step function kick for the external potential perturbation. Middle left: the
current evaluated via RT-TDDFT of the system. Bottom left: the step function
like background current density with the value of the RT-TDDFT at inÞnitely large
time. Top right: the dielectric function evaluated via Fourier transformation of the
RT-TDDFT current. Middle right: the dielectric function evaluated via Fourier trans-
formation of the background current. Bottom right: the correct dielectric function
obtained after subtraction of the former two dielectric functions.

yielded the imaginary part of the dielectric function as shown in
Fig. 9(top right). In order to remove the artiÞcial peak, we took the
Fourier transform of the background current with the step function
that, at timet = 0 fs, switches to the value of the RT-TDDFT cur-
rent at inÞnity as shown inFig. 9(bottom left). The imaginary part
of the dielectric function from this background current is plotted
in Fig. 9(middle right). The subtraction of the background current
from that of the RT-TDDFT simulation removes the artiÞcial peak
around 0 eV in the imaginary part of the dielectric function as shown
in Fig. 9(bottom right).

C. Dielectric response for crystalline silicon

We now discuss the frequency-dependent imaginary part of the
dielectric function for bulk silicon, which was generated with the
aforementioned techniques. The lattice parameter is 5.402 •. The
calculation is non-relativistic, although for production calculations,
a scalar-relativistic formalism could be used without problems and
should be used. The dielectric function calculated using the Lind-
hard formula at the RPA level118,119 with a k-point grid of 48$ 48
$ 48 is also considered for comparison. For the RT-TDDFT calcu-
lations, we used differentk-grids of 16$ 16$ 16, 32$ 32$ 32, and
48$ 48$ 48 resolution to check thek-grid integration convergence.

As shown inFig. 10(left), with the#-centeredk-point mesh,
we observe two major artiÞcial peaks around 4 and 6 eV for the
16$ 16$ 16 k-grid. For the dense 48$ 48$ 48 k-grid, those peaks
disappear and one major peak around 3.8 eV is seen with a shoulder
like peak at around 2.9 eV. As suggested by Ref.67, we also used a
shiftedk-point mesh for the dielectric function calculation with an
offset vector of (0.01, 0.45, 0.37) in units of the reciprocal cell. In this
manner, the symmetry of thek-point mesh is broken. The calculated
imaginary part of the dielectric function is shown inFig. 10(right)
for k-grids of 16$ 16$ 16 and 32$ 32$ 32. With the shiftedk-grid,
the calculated dielectric function with 32$ 32$ 32k-grid has simi-
lar quality as the non-shiftedk-grid of 48$ 48$ 48. The shifting of
the k-grids thus allows us to achieve a fasterk-grid convergence by
breaking the symmetry in RT-TDDFT calculations for the dielectric
function.

D. Basis set and numerical integration accuracy
dependence

Using crystalline silicon as a representative model system, we
also examined convergence of some key numerical settings in the
FHI-aims code. For silicon atoms, in the 2020 default settings, the
tier1 basis set (including the minimal basis of free-atom functions,
as well as ones, p, d, and f basis function each) is used for both the
ÒlightÓ and ÒintermediateÓ settings; the ÒintermediateÓ settings have
a denser integration grid with 17 918 grid points per atom compared
to the ÒlightÓ settings of 5604 grid points per atom. The ÒtightÓ set-
tings in FHI-aims for silicon atoms have the same integration grid as

FIG. 10.The imaginary parts of the dielectric functions of Si calculated via the velocity-gauge RT-TDDFT approach with the#-centeredk-point meshes (left) and symmetry-
brokenk-point meshes withk-point offsets of 0.01, 0.45, and 0.37 (right).
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FIG. 11.The imaginary parts of the dielectric functions calculated via the velocity-
gauge RT-TDDFT approach with the default Òlight,Ó Òintermediate,Ó and ÒtightÓ
numerical setting in FHI-aims.

the ÒintermediateÓ settings, while the basis set includes an additional
d andg basis function each. We calculated the imaginary part of the
dielectric function for silicon with these three levels of precision and
show them inFig. 11. No signiÞcant dependence on the numerical
settings is observed. This indicates that even the basis set and numer-
ical integration used in the default (2020) ÒlightÓ settings for Si in
FHI-aims are well converged for the RT-TDDFT based dielectric
function of crystalline silicon.

V. CORE LEVEL SPECTRA

In the FHI-aims code, the core and valence electrons are treated
on the same footing without employing approximations such as
pseudopotentials or different types of basis functions in the core
region. Similar to those RT-TDDFT methods that are based on
Gaussian-type orbitals (GTOs),60 the RT-TDDFT methodology in
the FHI-aims code allows us to calculate core electron excitations
without further approximations. While codes for GTO-based RT-
TDDFT simulation often do not implement periodic boundary con-
ditions for studying extended systems, our approach here can be
applied also to solid-state systems like crystalline silicon carbide
as well as to isolated molecules like water on an equal footing, as
demonstrated below for calculations of x-ray absorption spectra.

A. Computational details

The same computational procedure as for the (ÒvalenceÓ) opti-
cal absorption spectrum calculations can be used to obtain x-ray
absorption spectra; the system is excited by a weak delta-like exter-
nal Þeld that induces broadband excitations. At the same time, the
integration step size needs to be sufÞciently small so that the Fourier
transform from time to frequency space is able to capture high-
energy coreÐvalence excitations. Particularly for the core-electron
excitations, one faces the problem of a large sensitivity of the exci-
tation energies on the exchangeÐcorrelation (XC) approximation,
and this often makes it necessary to artiÞcially shift the resulting
excitation spectra to compare to experimental ones. For interpret-
ing experimental x-ray absorption near edge structure (XANES), the
oscillator strength and relative excitation energies with respect to the

lowest core-electron excitation peak are usually of greater interest,
justifying the signiÞcant value of these calculations even with the
ad-hoc energy shift necessary due to the XC approximation.

B. XAS of the water molecule

For the K-edge spectrum (i.e., excitation from the oxygen 1s
orbital), we provide comparison to previous theoretical results33 and
to experimental data.120 The theoretical results come from a real-
time TDDFT simulation using the GTO basis set code NWChem.48

Here, Lopataet al.used the B3LYP hybrid XC functional in com-
bination with the Sapporo-QZP basis set,121 which includes addi-
tional diffuse basis functions. As FHI-aims is also able to employ
hybrid XC functionals87,122,123 (based on the adiabatic approxima-
tion), B3LYP is equivalently used in our work for comparison. We
provide results not only for the FHI-aims Òtight+ aug2Ó basis set
but also for the Sapporo-QZP set (adapted from Ref.121 via the
Basis Set Exchange,124 using dense integration grids without cutoff),
as used in the theory reference. The theoretical simulation results by
Lopataet al.includead hocrelativistic corrections to shift the overall
spectrum, whereas we probed relativistic corrections via the speciÞc
atomic zero-order regular approximation (atomic ZORA) approach
in FHI-aims as described in Ref.69.

The RT-TDDFT simulations were performed for! 72 fs in total,
with a time step of 0.1 a.u.= 0.0024 fs and using an instant electric
Þeld kick at t= 0 of 0.001 a.u.= 5.14$ 108 V/m. The spectrum was
obtained by averaging the three RT-TDDFT simulations with the
perturbing Þeld for each of the three Cartesian directions.

Comparing to a non-relativistic RT-TDDFT calculation, we
found that the relativistic shift of the excitation energy amounts
to ! 0.8 eV, equally for both employed basis sets and in line with
Þndings in Ref.125.

Furthermore, RT-TDDFT simulations with the PBE XC
approximation were found to result in a much higher shift of 28.9 eV
but left the spectral structure nearly unchanged. Each theoretical
spectrum has been shifted such that the lowest peak matches its
experimental analog. The shift for our Òtight+ aug2Ó spectra is
+15.4 eV, which is a bit smaller than the shift of+15.55 eV used
in Ref.33 (in the Þgure, we added another+0.15 eV such that the
peaks align slightly better, i.e., 15.4 eV were originally provided).
The peak positions and shift from our calculations with the Sapporo-
QZP basis set shown inFig. 12are in excellent agreement with the
reference, conÞrming the validity of our implementation. The Òtight
+ aug2Ó basis set yields very comparable results to the Sapporo-QZP
basis with some deviations for the third and fourth peak. In partic-
ular, the fourth peak appears at 0.3 eV lower energy with the Òtight
+ aug2Ó basis set. Overall, a very good agreement is found, and the
Òtight+ aug2Ó basis set yields excellent results in this regime.

C. 2HÐSiC core-level spectrum

As an example of an x-ray absorption spectroscopy (XAS) cal-
culation for extended systems, we study crystalline silicon carbide
(Si) in the 2HÐSiC polytype.

The 2H polytype of SiC forms a hexagonal unit cell with
four atoms. Following the reference RT-TDDFT calculation in
Ref.49, we use the experimentally determined structure with lattice
parameters ofa = 3.076 • and c= 5.048 •. A k-point mesh of
20$ 20$ 12 was used for the Brillouin zone sampling. Within
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FIG. 12.Water K-edge core absorption spectra generated by FHI-aims (red line for
the Òtight+ aug2Ó basis set and dashed green line for the ÒSapporo-QZP-diffuseÓ
basis set), by Lopataet al.33 (blue line) and from experiment (black line).120The-
oretical spectra are shifted such that the lowest peak matches the experimental
analog (note that we adjusted the data from Ref.33by additional 0.15 eV).

FHI-aims, we use the intermediate setting with its default basis set;
for silicon, this is a tier1 basis set (including up tof functions); for
carbon, this is a tier1 basis set (including up tod functions) plus
an extra f -orbital basis function from tier2. As mentioned previ-
ously, in FHI-aims, the free-atom derived ÒminimalÓ basis functions
to describe core electrons are always included.

For the periodic system of 2HÐSiC, we used the velocity-gauge
formula of RT-TDDFT, calculating and recording the current dur-
ing the simulation. We again use a step function-like external poten-
tial switched on att = 0 to study the dielectric response of the system
in the linear-response regime. The strength of the external poten-
tial is 0.001 a.u.= 5.1$ 108 V/m. We used a time step of 0.01 a.u.
= 0.0024 fs for a total simulation length of 400 a.u.= 9.7 fs. The

system was only excited in thez-direction in order to capture the
zz-component of the dielectric function. Similar to the case of crys-
talline silicon discussed above, we again remove the artifact back-
ground due to the Fourier transform by subtracting the dielectric
function calculated from the step function current as described in
Sec.IV B.

We compare thezz-component of the dielectric function calcu-
lated by Ref.49via the RT-TDDFT functionality of the ELK code,68

as plotted inFig. 13. Note that in Ref.49 the results calculated by
the SIESTA code are compared to the results from ELK. The two
codes in the reference generate quite similar results. We choose the
results from the ELK code for the comparison here since ELK is
another all-electron code. Since FHI-aims offers the possibility to
calculate the dielectric function from the RPA-level Lindhard for-
mula, we included this result for comparison inFig. 14. We plotted
the zz-component of the dielectric function at three energy win-
dows, each 20 eV wide: the energy window of valence electron exci-
tation (0Ð20 eV), the energy window of Si L-edge electron excita-
tion (87Ð107 eV), and the energy window of the C K-edge electron
excitation (258Ð278 eV).

For the valence electron excitation region, as shown inFig. 13
(left) andFig. 14(left), the imaginary part of the dielectric function
has two peaks at the energy of 6.4 and 7.4 eV; the peak strengths
and peak positions are consistent between the FHI-aims code and
the reference data from the ELK code; in addition, the results from
RT-TDDFT and from the Lindhard formula are consistent with each
other within the FHI-aims code. For the Si L-edge electron excitation
region, as shown inFig. 13(middle) andFig. 14(middle), the main
feature in the imaginary part of the dielectric function starts at 92 eV
and remains a plateau-like feature until 107 eV; comparing to ELKÕs
result, FHI-aims has some features below the edge at 92 eV, while the
RT-TDDFT and Lindhard formula in FHI-aims are consistent with
each other. The features below the edge may reßect transitions in a
different energy range altogether [valence to high-lying empty con-
duction states (see below)], and such transitions might also account
for other differences seen between ELK and FHI-aims for the Si
L-edge. For the C K-edge electron excitation region, as shown in
Fig. 13(right) andFig. 14(right), the feature in the imaginary part of
the dielectric function starts at 264 eV and reaches a peak at around
272 eV. The results are consistent among the FHI-aims code with
RT-TDDFT, the Lindhard formula, and the reference result by the
ELK code.

FIG. 13.Imaginary part of thezz-component of the dielectric function of 2HÐSiC calculated by RT-TDDFT in FHI-aims in comparison to the reference RT-TDDFT results49

by using ELK.68 The energy ranges of valence (left), L-edge for silicon (middle), and K-edge for carbon (right) are plotted.
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FIG. 14.Imaginary part of thezz-component of the dielectric function of 2HÐSiC calculated by RT-TDDFT in FHI-aims in comparison to the single-particle approximate
Lindhard formula in FHI-aims. The energy ranges of valence (left), L-edge for silicon (middle), and K-edge for carbon (right) are plotted.

FIG. 15.Imaginary part of thezz-component of the dielectric function of 2HÐSiC calculated by RT-TDDFT in FHI-aims with light, intermediate, and tight numerical settings.
The energy ranges of valence (left), L-edge for silicon (middle), and K-edge for carbon (right) are plotted.

We further evaluate the numerical settings convergence for the
2HÐSiC core level excitation calculations. Similar to our discussion
of crystalline silicon, we tested the default Òlight,Ó Òintermediate,Ó
and ÒtightÓ settings in FHI-aims. As shown inFig. 15, for the valence
electron excitation region and the Si L-edge excitation region, little
difference is observed for the imaginary part of the dielectric func-
tion when comparing the different numerical settings. For the C
K-edge region, the imaginary parts of the dielectric functions cal-
culated by the ÒlightÓ and ÒintermediateÓ settings are consistent with
each other. However, for the ÒtightÓ setting, the imaginary part of the
dielectric function has features below 264 eV and extra peaks show
up at around 268 eV. As noted by Pemmarajuet al.,34 this is caused
by a decaying background of high-energy valence excitations. To
conÞrm this explanation, we performed Lindhard formula dielec-
tric function calculations with ÒintermediateÓ and ÒtightÓ settings.

An additional Lindhard formula dielectric function calculation was
therefore performed with the ÒtightÓ settings, summing up only the
orbital pairs excited from the C K-shell. FromFig. 16it is appar-
ent that different backgrounds exist for ÒintermediateÓ and ÒtightÓ
settings, especially at the energy region above 110 eV. In the C K-
shell-only Lindhard calculation, the imaginary part of the dielectric
function is zero below 264 eV and its shape is identical with the one
from the ÒintermediateÓ settings. This conÞrms that the extra feature
seen in the ÒtightÓ settings originates from the decaying background
of the high-energy valence excitations. Thus, some caution is war-
ranted regarding straightforward RT-TDDFT core level absorption
simulations with large basis sets that also introduce high-lying unoc-
cupied states in energy ranges comparable with core level binding
energies. Given that ÒlightÓ and ÒintermediateÓ settings already yield
a converged imaginary part of the dielectric function, one qualitative

FIG. 16.Imaginary part of thezz-
component of the dielectric function of
2HÐSiC calculated by RT-TDDFT with
the default ÒtightÓ setting in FHI-aims.
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remedy is to use these smaller basis sets for the study of core level
spectra to avoid the interference from the decaying background of
the valence to high-energy unoccupied-state excitations.

VI. IMAGINARY-TIME TIME-DEPENDENT DENSITY
FUNCTIONAL THEORY

In order to validate our implementation of it-TDDFT, we Þrst
examine two typical systemsÑcrystalline silicon and the benzene
molecule.

For these systems, a conventional SCF method can be used to
obtain the ground state easily in order to compare with the SCF solu-
tion obtained using the it-TDDFT approach. We used the ÒlightÓ
setting with tier1 basis sets and the LDA functional for these tests.
The crystalline silicon has a unit cell with two silicon atoms, and the
k-point grid was set to 8$ 8$ 8. As shown inFig. 17, for both sys-
tems, the absolute energy differences between the fully converged
it-TDDFT method and the SCF method are within 10" 8 eV. For
crystalline silicon, the total energy converges in 3 fs of imaginary
time. For the benzene molecule, the total energy converges in 1 fs
of imaginary time. These two examples show that, within the all-
electron NAO framework, it-TDDFT can be employed for both
isolated molecules and periodic systems.

One advantage of using it-TDDFT over other conventional
iterative SCF methods is its guaranteed convergence.81 Regarding
the difÞcult-to-converge situations/systems, chemical bond forma-
tion/dissociation presents a particular challenge because the excited
state and the ground state often come quite close in energy. Here, we
apply it-TDDFT to two challenging cases: one is a ßuoromethane
molecule with an elongated CÐF bond of 4 • and the other is a
NaÐCl dimer with the NaÐCl distance of 6 •, as shown inFig. 18.
Such conÞgurations may be encountered in chemical reactions, and
they are also employed as model systems for the theoretical devel-
opment of ground state methods. The default setting for SCF in
FHI-aims is the Pulay density mixing scheme126,127 with the mix-
ing coefÞcient adjusted by an estimated presence or absence of a
bandgap at the end of the second SCF iteration, after initialization
by a superposition of atomic densities. These default SCF settings

usually converge well for a wide range of materials. However, with
the default setting of SCF in FHI-aims, the two test systems men-
tioned above do not converge to a stationary state. It is quite possible
that other SCF settings (away from the default) would yield one or
more stationary solutions, but the search for non-default SCF con-
vergence parameters is typically time-consuming and not desirable.
With the it-TDDFT approach, the ground state is obtained success-
fully, although longer imaginary times are required for convergence
than in the simple test systems of crystalline silicon and the benzene
molecule. For the ßuoromethane molecule with an elongated CÐF
bond, as shown inFig. 18(a), the absolute energy difference is con-
verged after an imaginary time of 60 fs. For the NaÐCl dimer with the
NaÐCl distance of 6 • as shown inFig. 18(b), the absolute energy
difference is converged after the imaginary time of 4 fs. Neverthe-
less, convergence can be achieved, which (in some circumstances,
especially for more complex systems that are difÞcult to treat out-
rightly by multireference approaches) may offer an alternative path-
way to circumvent technical difÞculties that are otherwise difÞcult to
overcome.

To validate it-TDDFT for a hard-to-converge periodic system,
we test the examples of a boron vacancy and a nitrogen vacancy,
respectively, in hexagonal boron nitride single layer, discussed, e.g.,
in Ref.128. With a zero occupation broadening, a straightforward
SCF cycle converges for the boron vacancy but not for the nitro-
gen vacancy. For the it-TDDFT method, as shown inFig. 19, both
systems converge. For the boron vacancy, the absolute energy dif-
ference between the SCF and it-TDDFT method is also around
10" 8 eV, similar to the difference observed for crystalline silicon
and benzene. For the hard-to-converge boron vacancy case, the it-
TDDFT takes 60 fs imaginary time to converge. Interestingly, we
observe a plateau in the imaginary time range of 0Ð20 fs. This might
be an indication that the electronic solution is intermittently trapped
in a meta-stable electronic state, although we did not pursue this
point.

For the three cases where the conventional SCF calculation con-
verged, namely, benzene, crystalline silicon, and hexagonal boron
nitride with nitrogen vacancy, we further compared the conver-
gence of both methods by means of the individual KohnÐSham

FIG. 17.The absolute energy difference trajectory obtained by it-TDDFT for (a) crystalline silicon and (b) the benzene molecule. The reference energies are the converged
total energies from it-TDDFT. The SCF energies are also plotted for reference.
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FIG. 18.The absolute energy difference trajectory obtained by it-TDDFT for (a) ßuoromethane with an elongated CÐF bond of 4 • and (b) the NaÐCl dimer with a NaÐCl
distance of 6 •. The reference energies are the converged total energies from it-TDDFT.

FIG. 19.The absolute energy difference trajectory obtained by it-TDDFT for (a) a hexagonal boron nitride (BN) single layer with a boron vacancy and (b) a hex-BN single
layer with a nitrogen vacancy. The reference energies are the converged total energies from it-TDDFT.

eigenvalues. For it-TDDFT, the Þnal imaginary-time propagated
Hamiltonian was diagonalized, whereas the standard SCF proce-
dure always yields the KS eigenvalues by nature of it. The indi-
vidual Þnal SCF/it-TDDFT KS eigenvalues only differ by no more
than 2.0$ 10" 9 eV in all cases, underlining the desired convergence
behavior.

In conclusion, the it-TDDFT approach implemented within the
present NAO framework offers an alternative pathway to achieve
stationary electronic solutions for otherwise difÞcult molecular and
periodic systems, in line with the literature.81Ð83

VII. NUMERICAL EFFICIENCY AND SCALING

As stated earlier, LR-TDDFT is the method of choice for the
calculation of optical spectra for small and medium sized systems,
as the common implementations are very efÞcient in such cases.
RT-TDDFT is thus not a frequently used alternative. However, due
to the formal! (N6) 129 scaling of the LR-TDDFT approach (with
N being the number of atoms) and its potentially huge memory

demand, RT-TDDFT is a potentially more viable approach for larger
systems (although several approximate LR-TDDFT methods exist to
tackle larger systems, see, e.g., Refs.129Ð133).

The computational scaling of our RT-TDDFT implementation
mainly depends on real-space operations, such as the electron den-
sity update or matrix element integrations, and the computation
of the propagator, i.e., matrix operations (such as multiplication
and diagonalization). For small systems like those considered in the
molecular benchmark section, real-space operations take about 97%
of the total computation time as the involved matrices are of small
size, e.g., 582$ 582 (basis functions) for the largest molecule in the
test set, naphtalene. The! (N3) matrix operations become much
more dominant with system size, compared to real-space operations
that asymptotically scale as! (N) .69 With regard to possible appli-
cations of our RT-TDDFT approach for the calculation of optical
absorption spectra (or other useful applications) for large systems,
we here provide an analysis of the numerical scaling.

The current version of our implementation is highly paral-
lelized and supports domain decomposition to save memory. The
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TABLE II.Oligoacenes in our benchmark test set. The number of benzene rings is
indicated by n.

n Atoms Basis functions

5 36 1 068
10 66 1 998
20 126 3 858
40 246 7 578
80 486 15 018

matrix algebra framework mostly employs ScaLAPACK subroutines
and some critical functionality like the ELPA eigensolver95 and the
ELSI framework.96,97 For the presented calculations, we chose the
most efÞcient settings, which mainly pertains to the choice of
the propagator, here the CrankÐNicolson propagator,

C( t + ! t) =
S! i! tH( t + ! t)2)
S+ i! tH( t + ! t)2)

C( t) , (27)

as it incorporates only one matrix multiplication and one linear
system solve per application. Formally, this propagator is a Þrst-
order approximation of the matrix exponential in the time-evolution
operator and is thus less accurate than exponential-based schemes
relying on actual diagonalization. However, practical experience
shows that this propagator is highly competitive and usually a
solid choice.89 Further improvement could perhaps be achieved by
employing a customized linear solver instead of the ScaLAPACK
pzgesv subroutine.

To provide a systematic benchmark, we employ oligoacenes of
different chain lengths, i.e., the number of benzene rings for our cal-
culations (seeTable II). We used the ÒtightÓ basis set in combination
with the PBE exchangeÐcorrelation functional for the calculations,

as these choices may reßect rather prototypical settings. The calcula-
tions were not spin polarized, but the cost for this modiÞcation can
be estimated to roughly double. We measure the effort by the wall
clock time for one real-time propagation step, which consists oftwo
applications of the propagator and real-space operations (updating
density, Hartree potential and Hamiltonian) using the semi-implicit
predictor-corrector scheme.

The overall simulation time to calculate a sufÞciently well
resolved absorption spectrum depends on the setup and on the pos-
sible use of reÞning techniques as presented before, but we assume
that a minimum propagation time of 40 fs= 1666 a.u. is typical. Fur-
ther assuming a time step of 0.3 a.u.= 0.0072 fs, this estimate would
require a total amount of around 5550 real-time propagation steps,
which we will use as reference below.Figure 20shows single-step
timings for our benchmark set, computed with 32, 64, and 128 paral-
lel tasks (Intel Xeon E5-2670, 2.6 GHz CPUs) on the OCuLUS cluster
of the Paderborn Center for Parallel Computing.

We further decompose the total single-step time into con-
tributions due to the real-space operations, the linear solver, and
the remaining matrix operations. Timings for output (e.g., total
energy) are not explicitly mentioned as these are negligible. The
presented data show several principal characteristics: while the real-
space operations are here always dominant over the propagator-
related operations (with a factor of> 10 to! 2 from smaller to larger
molecules), the latter show a non-linear increase, while the former
show a clear kink betweenn = 40 andn = 80. This can be explained
by the code switching from an orbital-based to a density-matrix-
based updating method of the electron density, the latter scaling
as! (N) for large systems.69 A linear Þt for the real-space integra-
tion scaling (n $ 40) and a cubic Þt for the propagation scaling yield
a crossover at! n = 136, corresponding to an oligoacene molecule
with around 800 atoms. Nevertheless, the scaling with respect to par-
allel tasks is very good, i.e., doubling the number of parallel tasks
approximately cuts the computation time in half in our benchmark.

FIG. 20.Simulation time per real-time integration step for oligoacenes with 5, 10, 20, 40, and 80 benzene rings, computed withN = 32, 64, 128 parallel tasks [Intel Xeon
E5-2670, 2.6 GHz central processing units (CPUs)]. Provided are total time Ttotal(black line), time for density update, Hartree potential and Hamiltonian matrix integration
Tu (red line), time for the linear solver in the CrankÐNicolson equation Ti (blue line), and time for remaining matrix operations of the time propagation Tp (green line).
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We note that for particularly costly real-space integrations (for
dense and extended radial grids, e.g., when using augmented basis
sets), the effort for time propagation will be comparatively much
smaller.

Using a sufÞcient number of parallel tasks$ 128, one would be
able to compute absorption spectra also for the largest molecule with
nearly 500 atoms within a few days or less using the criteria deÞned
above. It should be noted that memory demand is not a problem
here due to the use of distributed storage.

VIII. CONCLUSION

We here describe and assess an all-electron, full-potential, real-
and imaginary-time TDDFT implementation based on numeric
atom-centered basis functions, building on the framework of
the FHI-aims electronic structure code. The applicability of the
approach to a range of applications is demonstrated, covering
both molecular (non-periodic system geometries) and solid-state
(periodic system geometries) examples and addressing the time-
dependence of both core and valence excitations. We benchmark
the methodÕs numerical precision, its efÞciency, and basis-set related
characteristics.

As a benchmark of valence electron excitations in non-periodic
systems, we compare to results for ThielÕs test set103 of small
molecules, showing that the present RT-TDDFT implementation
achieves numerical convergence with the same FHI-aims NAO basis
sets that were shown to be appropriate for linear-response TDDFT
calculations.73 The analysis covers both singlet and triplet excita-
tions, as well as the extraction of optical absorption spectra from
real-time TDDFT simulations.

Periodic systems are covered by real-time velocity gauge sim-
ulations, which are shown to accurately reproduce reference data
from the literature, speciÞcally, the imaginary dielectric function of
silicon.

The all-electron framework furthermore gives access to near
edge x-ray absorption spectra via RT-TDDFT. In this context, we
also show the capability of our implementation to incorporate
hybrid exchangeÐcorrelation functionals. The oxygen K-edge spec-
trum of water is accurately reproduced compared to GTO-based
RT-TDDFT reference data. We show that the native FHI-aims basis
sets are well-suited for this task. We also provide core level absorp-
tion spectra for the 2H polytype of silicon carbide by performing
real-time simulations with periodic boundary conditions and show
that the results agree very well with earlier all-electron RT-TDDFT
reference results.

We also implemented imaginary-time TDDFT functionality,
applicable to both molecular and periodic systems, since the it-
TDDFT approach offers an alternative way to obtain converged
ground-state solutions of the time-independent KohnÐSham equa-
tion. As shown in earlier work by Flamantet al.,81 the method is
very easy to use and always converges, given an appropriate time
step.

Finally, we delivered an analysis of our implementationÕs com-
putational scalability, showing that real-time TDDFT simulations
can be carried out efÞciently also for large systems with hundreds
of atoms. While the established framework is already optimized, it is
very likely that even better scaling can be achieved by incorporating
customized numerical linear algebra methods.

We summarize the features and advantages of our implemen-
tations in the following condensed list.

% The all-electron NAO methodology facilitates the simula-
tion of core and valence electron dynamics on equal footing.

% Both Þnite and periodic systems can be simulated using the
highly accurate and efÞcient FHI-aims framework.

% As a further advantage, the all-electron description offers
added ßexibility in the choice of the gauge. Having a strictly
local potential in the Hamiltonian is particularly convenient
when performing velocity gauge simulations of periodic
systems in radiation Þelds at optical wavelengths.

Even in view of this progress, one should still be aware of the
remaining shortcomings of present-day implementations of the
RT-TDDFT methodology. Some are rooted in inherent approxi-
mations of the functional itself and require basic research to over-
come them, while others may be lifted by further improvement of
numerical implementations. As an example for the Þrst kind, it is
well known that, for periodic systems with external electromagnetic
Þelds, gauge invariance calls for a TD-current-DFT (TDCDFT) for-
mulation rather than a functional using the instantaneous charge
density only. This could also offer a route to lift the restrictions
of the adiabatic exchangeÐcorrelation functionals that are imple-
mented in present-day RT-TDDFT codes. As examples for the sec-
ond type of issues that could and should be addressed in future code
development, we list the following:

Fully relativistic treatment of core electrons: While this is very
important for heavy elements, the basic methods for its imple-
mentation are known and have been worked out for molec-
ular systems.134,135 A quasi-four-component relativistic imple-
mentation exists in the FHI-aims code,136 although not yet for
RT-TDDFT.

Added ßexibility of the basis set: Depending on the type of electronic
excitations to be studied, localized basis sets come with inherent
limitations, e.g., when electrons are promoted into continuum
states. While the NAO basis functions in FHI-aims offer a very
good description of the ground-state density and wavefunc-
tion, a higher spatial resolution (at least in some regions) may
be required for some excited-state properties. A key point is
the accurate description of the density difference between the
ground state and the excited state. This could be achieved
by introducing additional NAOs, but most generally by some
unbiased basis functions, and ultimately by an additional real-
space grid if required. This issue leaves ample room for future
code improvement.
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